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1. Introduction 



Quantum field theory quantized in the light-front has been extensively studied in the 
past few years as an alternative way for understanding non-perturbative phenomena [1]. 
Although this approach is quite old [2], only recently new techniques of calculation have 
been developed [3, 4] that could allow, in principle, the study of phenomena such as con- 
finement or hadronization, which are very difficult to understand through the conventional 
approach. 

Several years ago, t'Hooft studied the solubility of QCD in two dimensions (QCD2) in 
the light-front frame, introducing the expansion [5] . In his work he was able to solve the 
theory in the large N limit, and then show how the bound state spectrum can be obtained 
by solving a Bethe-Salpeter equation in this limit. However, in spite of the relevance that 
the t'Hooft results could have in our understanding of QCD in four dimensions, not much 
further progress was reached at that time in order to understand the perturbative and 
non-perturbative structure of QCD in the light-front frame. 

The revival of light-front quantization has been mainly pioneered by the authors of 
reference [3], and later also by those of reference [4]. In these references two different 
non-perturbative methods for calculating light-front wave functions have been proposed. 
These wave functions are the amplitudes for a Fock state expansion of the hadronic bound 
states, in a Hamiltonian light-front approach to QCD. Both methods although promising 
still present some technical difficulties despite intense recent research [1] . 

The canonical structure of QCD in the light-front frame and his subsequent quantiza- 
tion via the path integral method is to our knowledge still an open problem. 1 In the past, 
this approach has been very useful in the understanding of many aspects of gauge theories 
and we will show that it is very useful in the present context as well. 

The purpose of this research is the study of the canonical structure of light-front 

1 In reference [6] the Hamiltonian formulation of the Schwinger model is studied at 
the classical level. In this sense, this reference is a particular case of our results. On the 
other hand, in reference [7] the reader can find recent canonical studies of two dimensional 
light-front gauge theories. 
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QCD 2 and its quantization following the path integral method. Our main results are: (a) 
we find the complete canonical structure (constraints and algebra), (b) the effective field 
theory obtained after the integration of the gauge field is derived from first principles, and 
(c) we justify some results obtained by other authors using different methods. 

The article is organized as follows: in section 2 the hamiltonian formulation is carried 
out. In section 3 we discuss the problems asociated with gauge fixing and we quantize the 
theory following the path integral method. Finally in section 4 we present some conclusions. 
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2. QCD 2 in Light-Front Coodinates: Hamiltonian 

Analysis 



In this section we study the canonical structure of QCD 2 in light-front coordinates 
following the Dirac constrained theory [8] . 

Let us start by considering the lagrangian density 

C = -\F%F a ^ + p(0 - mW, (2.1) 
Gu = 0,l;a = l,2,...,iV 2 ;r = l,2,...,iV) 

where the sum convention is assumed. Here ip r are the r quarks fields and the strenght 
tensor F* v and the covariant derivative are defined as 

F; v = d,Al - d»A% - gf abc AlAl, (2.2) 
Dfj, = <9 M + igA^T" 1 , (2.3) 

where g is the coupling constant and T a and f abc are the generators and structure constants 
associated with the gauge group SU(N). 

In the light-front frame approach one defines the coordinates 

x ± = ix 1 ), (2.4) 

and then writes all the quantities involved in the lagrangian (2.1) in terms of x ± instead 
of x° and x . After doing this, the lagrangian density (2.1) becomes 

C = \{Fl_f + r(n-D + + i 1+ D_ - m)r, (2.5) 

where r y± and D± are defined in complete analogy with (2.4), i.e 

7± = ^(7o±7i), 

D ± = -L(D ±D 1 ), (2.6) 



and the 7± matrices satisfy 



7^ = 0, { 7+ , 7 _} = 2. (2.7) 
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In order to carry out the hamiltonian formulation, we are forced to choose a time 
coordinate, which is usually chosen as x + . Thus the canonical momenta are 



n a _ = 

pr _ 
pr 



5L 
Sd+A% 

5L 
Sd+A a _ 

5L 
5d+i(j r 

8L 
5d+i(j r ' 



= o, 

0, 



(2.8a) 
(2.8b) 
(2.8c) 
(2.8d) 



where L = f dx-C. 

Observing (2.8) one can see that there are three primary constraints, namely 

< = 0, 

X r = P r -iVl- = 0, 

x r = P r = 0, 

and which must be preserved in time x + . 

The total hamiltonian can then be computed, with the result 



(2.9a) 
(2.%) 
(2.9c), 



-(tv-) 2 + n a _d-A\ + giv*f abc A b _A c + + g^ r 1 -i) r A%T a 



H T = J dx- 

- i^ r 1+ D^ r - mff + u%ir% + u\x r + u r 2 x r 



(2.10) 



where Uq,u\ and u r 2 are Lagrange multipliers. 

One can see that the preservation in time of 7r" implies the secondary constraint 



G a = d_Ti a _ + g7i c _f abc A b _ + giJj r -f_ij r T a , 



(2.11) 



and that the other constraints (x r ,x r ) do not generate new constraints. 

A straightforward analysis shows that the constraints G a ,x r an d X r are second class 
while 7r" is first class. On the other hand, a simple inspection shows also that (G a , x r , x r ) 

5 



are not a minimal number of second class constraints. The minimal set is found by com- 
bining appropiately G a ,x r an d X r , and it is straightforward to verify that this set is 



Q,o = ir%, (2.12a) 

fi« = G a + i(x r T a ij r + i; r T a x r ), (2.126) 

X r = P r -iVl-, (2.12c) 

X r = P r , (2.12d) 

where (0g,0") and (x r ,x r ) are first and second class constraints respectively. 
The first class constraints satisfy the algebra 

{n-(s_),f£(s'_)} = 0, (2.13) 

while the non-vanishing Poisson bracket between x r an d X r are 

{x r a (x-),xi(x-)} = - i (7-) (3 J rr '5(x--x_), (2.14) 

where a, (3 are spinorial indices. 

In order to eliminate the second class constraints we define the usual Dirac bracket. 
In this case the non-vanishing Dirac brackets between the canonical variables are 

{A a + (x.)^ b + (x'_)} DB = 5(x- - x'_)S ab = {A±(x-)y_(x'_)} DB , (2.15a) 

{r a (x-),^(x_)} DB = ( 7 -)^<r r 'o(*- -*'_), (2.156) 

{r a {x-),P; \x'_)} DB = 5 rr> 5 ab 5(x_ - x_), (2.15c) 

{V a (x-),P£ (x'_)} DB = 5 rr> S ab 5(x_ - x_). (2.15a 1 ) 

The set of equations (2.10), (2.12-2.15) defines completely the canonical structure of 
the theory. The next step is to fix the gauge in order to quantize the theory. 
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3. Gauge Fixing and the Path Integral Quantization 



In this section we discuss the quantization of the previous model following the path 
integral approach. There are several reasons that justify this study: (i) to our knowledge 
the quantization of QCDi in the light-front frame following the path integral approach 
has never been discussed before; (ii) this study could throw some light into the derivation 
of the Feynman rules in the light-front quantization method and the influence of the zero 
modes; (iii) the path integral approach could allow for the inclusion of new fields that 
could simplify the perturbative structure of the theory. 

With these facts in mind, in this section we try to clarify the problem of gauge fixing 
and path integral quantization of QCD2 in the light-front frame. 

Gauge Fixing 

The gauge freedom is reflected from the hamiltonian point of view in the presence of 
first class constraints. In the problem at hand, we have two first class constraints (eqs. 
(2.12a-b)) and, as a consequence, two conditions are necessary in order to fix completely 
the gauge freedom. Thus, we can start by imposing the following condition as gauge fixing 

Q* = A a _=0, (3.1) 

which is known as light-cone gauge and which must be imposed as a new constraint of the 
theory. Following Dirac's method [8], (3.1) must be preserved in time, i.e. 

d+n% = {n%,H T } = o. (3.2) 

Computing (3.2), we find that this consistency condition implies the new constraint 

fig = % a _ + d_A a + + gf abc A b _A c + = 0. (3.3) 

The conditions (3.1) and (3.3) fix completely the gauge freedom. In fact, comput- 
ing the Poisson algebra we find that the non-vanishing brackets between the first class 
constraints and the gauge conditions are 

{Q a (x_),Q b (x'_)} = (5 ab d--gf abc A<L)8(x_-x'_), (3.4a) 
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{Q$(x-),n b 3 (x_)} = gf abc (A c + d-5(x- - x'_) + d_A c + 5(x- - x_)) 

+ gf abc n c _5(x- - x'_) + g 2 f afc f bgc A f _A 9 + 5(x- - x'_), (3Ab) 

which is a second class constraint algebra. 

The question now is: are there other alternative gauge fixing conditions besides A a _ = 
? . The answer to this question is, of course, yes, although the correct way to implement 
other possible gauge fixing conditions in the light front-frame is not trivial. 

One could try to find, for instance, the analogous of the gauge fixing in a covariant 
gauge theory, but this procedure does not work here. Indeed, this can be verified by 
constructing the analogous of the Lorentz gauge <9 M A a/i = in the light-front 

d-A% + d+A a _ = 0, (3.5) 

but a simple analysis shows that this condition does not fix the gauge freedom. In fact, it 
can be shown that (3.5) is not a true gauge condition because when preservation in time 
is imposed, we cannot generate a new constraint fixing the remaining gauge symmetry. 

The same occurs when we consider the analogous of the axial gauge n^A® = in the 
light- front 

n-A a + +n + A a _ = 0. (3.6) 

A possible solution to this problem consists in modifying slightly the previous gauge 
conditions. Using (3.5) and (3.6) one can see that the unique possible choices for the above 
gauge conditions are 2 

d+A a _ = (Lorentz gauge), (3.7) 

n + A a _ = (Axial gauge). (3.8) 

The hamiltonian analysis shows, however, that equations (3.7) and (3.8), although 
they are two independent gauge conditions that fix completely the gauge freedom, are 
contained in (3.1). This last point can be shown by computing the analogous of (3.2) 
using (3.7) and (3.8). This calculation gives 

9+0^ = = n+fi^, 

2 The other possible choices d-A+ = for the Lorentz gauge and n_^4" = for the 
axial gauge do not fix the gauge freedom. 
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and, as a consequence, to impose (3.7) or (3.8) is formally the same condition (3.1). 

This last result means that in two dimensions in the light-front frame, the light-cone 
gauge (3.1) contains a complete family of gauge conditions that simplify the canonical 
analysis. 3 This last point is another advantage of the light-front approach. 

Path Integral Quantization 

The quantization in this case must be performed using the modication introduced by 
Senjanovic [10] because there are second class constraints. 
The generating functional is 

Z= J V%\VA\V>K a _VA a _V^ r V^ r VP r VP r K 

det||M a6 || det\\{ X a,X(3}\r 2 *(«8) 8(Q a 2 ) S(Q a 3 ) 5( X r ) S( X r ) 



exp 



i J dx+dx- (n% d+A a + + ix a _ d+A a _ + P r d + ^ r + P r d+^ 7 



- \{irV) 2 - it a _d-A% - gn a _f ahc A h _A c + - g^^T^A^ 
+ iijj r "f + D-ifj r — m^) r '^! > 



Using (3.4), the first determinant can be explicitly computed 



where its elements are 



K ab = 6 abQ_ _ gf abc A c_^ 

p ab = g fabc d _ A c + + g fabc A c +d _ + g jo,bc^c_ + g 2 fafc fgcj^^ 



while that the second determinant 



(3.9) 



det \\M ab \\ = det ( ^ ab v pab ) 5(x- - x_), (3.10) 



det{x r a ,X^'} = det (_. (7 _ } ^ ^ 5{x. - x_)5^\ (3.11) 



3 Recently there has been some discussion about the problem of fixing the residual gauge 
in light-front QCD4 [9] . In this paper we assume periodic boundary conditions, in which 
case the zero modes do not have to be considered. 



is a c-number and can be dropped off the path integral as a normalization factor. 

Integrating in 7r" , 7r" , A°l , P r , P r and exponentiating (3.10) in terms of anticommu- 
tative ghosts, we find 

Z=N J VA%V$ r Vij> r V (ghosts) 5[-d 2 _A% + ^ r 7 _T a ^ r ]x 



exp 



dr., d.v ( ^(d-A a + f + i^ r -f + d-^J r + zV> r 7-d+V> r 



(3.12) 



- gi/j r j_T a i{j r Al - mip r i/j r + (ghosts) 

where Af is a normalization factor. 

Using the antisymmetry of the structure constants and the anticommutative character 
of the ghosts, it is easy to see that there is no coupling between the ghosts and the gauge 
fields and that the integration in the ghosts fields is trivial. This result is a consequence of 
a general statement that establishes that all axial like gauges are free of interactions with 
the ghosts [11]. Having this fact in mind, (3.12) becomes 

Z =N' [ VA\V^ r V^ r 5[-d 2 _A% + g^ r -f_T a il) r ]x 



exp 



d.v, r/.<-_ ( ^(d_A%) 2 +iifj r j + d^ r + i^ r <y_d + ifj r 



(3.13) 



- gip r j-T a ^ r A% - m^i/j 1 

This formula gives the path integral version of QCD 2 . 
The constraint (Gauss's law): 

d 2 _A\ - 3 a _ = 0, (3.14) 

with Jf; = (7^ r 7_T a -0 r , physically can be understood as follows. In two dimensions there 
only exists an electric field, which is given by E a = d-A^_. Using this fact and equation 
(3.14), E a is given by 

E a (x_) = J dx'_e(x- -x'_)J°(x'_), (3.15) 

where e(x_ —x'_) is the sign function. In order to see what this result means, let us assume 
for the moment that the quarks are point-like. Thus J®(x-) can be written as 



N 



J a _(x-) = Y,dc t S(x--X-)T a 



(3.16) 



a=l 
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where q a is the quark charge and x°L is the place where the ct-th quark is localized. Using 
(3.16), the electric field becomes 



JV 



E a {xJ) = I* e(x_ - xV)T a . 



(3.17) 



a=l 



Therefore the electric field between the particles is unable to spread out and the quarks 
are confined. The reader should notice that confinement is present irrespective of the 
(non)abelian character of the gauge field [12]. 

The next step is to integrate the A\ field. Using the identity 

J VcpSiAcP + B) e ijM4>c<t>+D 4 >) =e ifda : (%c%-%B)^ (318) 
where A,B,C, D are operators (with inverse), equation (3.13) becomes 



Z=N J Vip r Vip r exp 



i I dx + dx- I ip r (i'j+d- + «7-<9+ — m)ip T 



- I dx_Jl(x-)\x_ -x_\r{x_) 



(3.19) 



where J"(x_) = g^ r (x-)^-T ar tp r (x-) and |x_ — x_\ is the propagator of the gluon field 
obtained by inverting the operator d^_. 

We would like to add a few sentences about the procedure used here for inverting the 
operator d_. The central observation consists in noticing that the invertion of d_ is a 
similar mathematical problem to the calculation of the propagator of a massless relativis- 
ts particle [13] moving in a one-dimensional space. Following this analogy, ^- can be 
represented by the integral 

^2 • 



/ 



dT T~~ exp 



Ax z 
^2T 



(3.20) 



where for generality, we are supposing a D-dimensional operator and Ax = x — x . 

The integral (3.20), however, is infrared divergent and it is necessary to perform a 
regularization for extracting a finite result. In order to regularize, we replace (3.20) by 



Jo 



dTT~-ex.p 



(Ax) 2 m 2 T 
2T 2 



(3.21) 



11 



where m 2 is a massive regulator that is put equal to zero at the end of the calculation. 
The integral (3.21) can be computed explicitly and gives the following result 

1_D_ 

Ki_D(mA\x\), (3.22) 
where Ki_n is the Bessel function. 

2 4 

The massless limit corresponds to the replacement of the Bessel function by its asym- 

-»n- — — 

totic behaviour when m — > 0, i.e. ~ [mA|x|] 2 4 . Then the limit becomes regular and we 
find for D = 1 the result that appears in (3.19). 

Equation (3.19) is the starting point for the perturbative and non-perturbative eval- 
uation of quantum corrections of QCD2. Non-perturbati-vely this formula was used in 
reference [14] in order to derive the t'Hooft equation for the bound states in the large-N 
limit. 

From the canonical point of view, the effective action that appears in equation (3.19) 
was used by the authors of reference [15] for the numerical study of light-front quantized 
QCD 2 . 

Finally, we should mention that the Higgs mechanism in light-front quantized field 
theory was also considered in reference [16] . 

4. Conclusions 

We summarize our results. In this paper we have studied the canonical structure of 
QCD2 in the light- front frame and have also quantized the theory using the path integral 
formalism. 

We have discussed some problems with the gauge fixing procedure and we have shown 
how the Lorentz or axial like gauges in the light-front are contained in the light-cone gauge. 

The path integral quantization was performed using the Senjanovic method due to the 
existence of second class constraints and an effective field theory for the fermionic fields 
that corresponds to a Nambu-Jona Lasinio model was obtained. This effective field theory 
is the starting point for some approachs to QCD 2 . 



Ax 



m 
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